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Abstract
We study correlation between topological fermionic modes and center vortices in lattice Yang–Mills theory. The measurements are performed
on the original configurations, without any smoothing of the fields which allows to study dependence on the lattice spacing a. We use the overlap
Dirac operator to define the fermionic modes. We find strong correlation between intensities of the low-lying Dirac modes and of the vortices.
Moreover, the correlation grows with diminishing lattice spacing giving further support to the conjecture that violation of chirality conservation
is related to lower dimensional vacuum defects.
© 2007 Elsevier B.V. Open access under CC BY license.1. Introduction
Confinement and topology of the gluon fields are tradition-
ally studied in non-Abelian theories. Existence of non-trivial
topology was uncovered analytically through instantons while
confinement has been demonstrated numerically, through lat-
tice studies. Both basic properties of the Yang–Mills theories
are commonly ascribed to soft fields when the effective cou-
pling is large and non-perturbative effects are not suppressed,
for a recent review see [1].
On the lattice, one measures directly gauge fields with high
resolution, on the scale of the lattice spacing a and the typical
field is of order Aaμ ∼ 1/a. Thus, to address the issue of the soft
fields, Aaμ ∼ ΛQCD one has to smoothen the original fields, for
a review see, e.g., [2].
Moreover, the vortex mechanism of the confinement [1] pro-
vides us with an example when measuring of the hard fields
is crucial to identify and detect the confining field configura-
tion. Namely, the center vortices are defined on the plaquette
level, as infinitely thin, in the continuum limit, 2d surfaces.
These surfaces possess remarkable scaling properties. Namely,
the probability of a given plaquette to belong to a vortex is pro-
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(1)θplaq ∼ (a · ΛQCD)2,
while the non-Abelian action associated with the surfaces is di-
vergent in the ultraviolet as [3]:
(2)Svortex ∼ (Area)vortex
a2
.
Thus, the defects appear to be fine tuned, i.e. unifying depen-
dencies both on the ultraviolet and infrared scales. From theo-
retical point of view the significance of the observation is that
fine tuning of the action and entropy of two-dimensional sur-
faces is the only consistent way to realize strings in the Euclid-
ean space–time, see, e.g., [4].
More recently, there emerged data [5] indicating that the
phenomenon of the fine tuning extends also to topologically
non-trivial fields. In more detail, one concentrates on low-lying
modes of the Dirac operator. The modes are defined as solutions
of the eigenvalue problem
(3)Dψλ = λψλ,
where the Dirac operator is constructed on the vacuum gluonic
field configurations {Aaμ(x)}.
It is well known that the low-lying modes are directly re-
lated to the topological properties of the underlying gluon field
configurations. In particular, the difference between number of
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total topological charge of the lattice volume:
n+ − n− = Qtop.
Moreover, near-zero modes determine the value of the quark
condensate via the Banks–Casher relation:
〈q¯q〉 = −πρ(λ → 0),
where λ → 0 with the total volume tending to infinity.
Relation of the near-zero modes to the topology is revealed,
say, by the instanton model [6]. Namely, in the zero approxi-
mation the near-zero modes are concentrated on individual in-
stantons and are related to the topology in this way. However,
because of the distortions of the instanton fields in the vacuum
the non-zero modes strongly mix up and finally form a band
with
(4)0 λΛQCD,
where the value λ = 0 is reached only in the limit of Vtot → ∞.
While the close relation of the low-lying fermionic modes to
the topology of the underlying gluon fields is well known since
long, it is only recently that these modes have been measured
on the original field configurations, without cooling. The recent
progress in the studying the topological fermionic modes on the
lattice is due to the advent of the overlap operator [7]. Moreover,
measuring fermionic modes became an effective way to detect
the space regions occupied by the gluonic fields of non-trivial
topology.
Measurements [5] brought unexpected results that the vol-
ume occupied by low-lying modes apparently tends to zero
in the continuum limit of vanishing lattice spacing, a → 0.
Namely,
(5)lim
a→0Vmode ∼ (a · ΛQCD)
r → 0,
where r is a positive number of order unit (for details see orig-
inal papers [5]) and the volume occupied by a mode, Vmode is
defined in terms of the Inverse Participation Ratio (IPR).1
A fundamental question is then, whether the underlying vac-
uum structure is the same or different for the confining fields
and fields with non-trivial topology. As was shown in [9,10] re-
moval of center vortices leads to disappearance of confinement
and of low-lying fermionic modes. The procedure of removal of
the center vortices affects actually original fields on 3d volume
[11]. Thus, there exists indirect evidence that chiral symmetry
breaking is related to 2d or 3d defects. Here we do not mod-
ify the original fields but look directly for correlation between
intensities of fermionic modes and vortices.
2. Measurements
2.1. Definitions
We use the standard definition of the center vortices in the
Direct Maximal Center Projection in SU(2) lattice gauge theory
1 Independent evidence in favor of shrinking of the regions occupied by topo-
logically non-trivial gluon fields was obtained in [8].[12]. Namely, one maximizes the functional
F(U) =
∑
n,μ
(TrUn,μ)2,
with respect to gauge transformations, Un,μ is the lattice gauge
field. The maximization of (???) fixes the gauge up to Z(2)
gauge transformations and the corresponding Z(2) gauge field
is defined as: Zn,μ = sign TrUn,μ. The plaquettes Zn,μν con-
structed as product of links Zn,μ along the border of the pla-
quette have values ±1. The P-vortices are made from the pla-
quettes, dual to plaquettes with Zn,μν = −1.
We have computed the eigenvalues λlat and the eigenfunc-
tions ψλ(x) of the overlap Dirac operator by solving the eigen-
value problem (3) (for details on the implementation see, e.g.,
[13]) on a set of lattices
β 2.35 2.35 2.35 2.35 2.45 2.50
Ls 10 12 12 14 14 16
Lt 14 12 18 14 14 18
Nconf 100 100 100 100 200 200
Here Ls and Lt are spacial and temporal extensions of the
lattice, Nconf is the number of considered gauge field config-
urations.
To make a connection with continuum physical eigenvalues
λ we have stereographically project λlat onto the imaginary axis
and divided by lattice spacing [14],
λ = Im
(
λlat
1 − λlat/2
)/
a.
The scalar density of eigenmode is defined by
ρλ(x) = ψ†λ(x)ψλ(x),
∑
x
ρλ(x) = 1.
2.2. Correlation between vortices and fermionic modes
To clarify the role of the vortices in the topological structure
of the vacuum we have measured correlators between intensity
of fermionic modes and of center vortices.
Center vortex is a set of plaquettes {Di} on the dual lattice.
Let us denote a set of plaquettes dual to {Di} by {Pi}. Then the
correlator we have studied is defined in the following way:
(6)Cλ(P ) =
∑
Pi
∑
x∈Pi (ρλ(x) − 〈ρλ(x)〉)∑
Pi
∑
x∈Pi 〈ρλ(x)〉
,
since
∑
x ρλ(x) = 1 and 〈Vρλ(x)〉 = 1, (6) can be rewritten as
follows:
(7)Cλ(P ) =
∑
Pi
∑
x∈Pi (Vρλ(x) − 1)∑
Pi
∑
x∈Pi 1
,
where V is the lattice volume. The meaning of (6) and (7) is
that we measure the density of the fermionic eigenmodes on
the vortices minus the same density averaged over the vacuum.
Data on the correlator (7) as function of the eigenvalue and
lattice spacing is given on Fig. 1. The data reveals two re-
markable features. First, the correlator strongly depends on the
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Fig. 2. Correlator (8) at λ = 0 MeV for various lattice spacings.
eigenvalue. The correlation is smaller for larger eigenvalues.
This means that the correlation is strong only for topological
modes while in the region of eigenvalues determined by the per-
turbative physics there is no correlation between the fermionic
modes and P-vortices. Second, the correlation between the vor-
tices and low-lying modes increases with increasing β . This is
another manifestation of the strong dependence of the proper-
ties of the vacuum defects on the resolution, mentioned above.
Thus, Fig. 1 demonstrates that the fermionic eigenmode den-
sity is concentrated on or around the center vortices. This den-
sity can be uniformly distributed over the vortex surface or have
regions of higher/smaller density. In order to study this distribu-
tion we have considered correlator of points on the dual lattice,
pi , which belong to center vortex with the value of ρλ(x) aver-
aged over the vertexes of the 4d hypercube, H , dual to pi . Thus
we consider the correlator:
(8)Cλ(Nvort) =
∑
pi
∑
x∈H (Vρλ(x) − 〈Vρλ(x)〉)∑
pi
∑
x∈H 1
,
where Nvort is the number of vortex plaquettes attached to
point pi . The meaning of the correlator (8) is that we calcu-
late the eigenmode density at various center vortex intersection
points minus vacuum expectation value of eigenmode density.Fig. 3. Correlator (8) at λ = 105 MeV for various lattice spacings.
Fig. 4. Correlator (8) at λ = 255 MeV for various lattice spacings.
We find out, see Figs. 2, 3 and 4, that this correlator strongly
depends on the number Nvort. Namely, the more plaquettes are
attached to a given point, the larger correlator is. Also, the larger
eigenvalue λ is, the smaller is the correlator. Another effect seen
from Figs. 1–4 is a substantial dependence of the correlators on
the value of β . Namely, the correlator grows in the continuum
limit of large β . We will come back to discuss the continuum
limit in the next subsection.
We have also performed checks of consistency of our mea-
surements. First, there is no total volume dependence of the
correlator. Numerical results are shown in Figs. 5, 6. It is clear
that the correlator does not depend on the volume within our
statistical errors. Moreover, the correlator is to vanish for ran-
dom distribution of density of the fermionic modes and to check
this, we shuffled the fermionic density randomly and calculated
(7) at various spacings and volumes, see Fig. 7. The correlator
is almost zero within the error bars and shows neither volume
nor spacing dependence.
2.3. Discussion of the results
One of the most remarkable features of the correlator which
we observe is the strong dependence on the lattice spacing.
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Fig. 6. Dependence of correlator (8) on the lattice volume at different values of
Nvort at λ = 0 MeV.
To appreciate the meaning of this dependence consider a sim-
ple model. Namely, suppose that a fermionic eigenmode lies
fully on the P-vortices or more generally it occupies some sub-
manifold P of volume p = vol(P ) of the enveloping space of
volume V , i.e.
(9)ρλ(x) =
{
f (x) x ∈ P,
0 x /∈ P,
where f (x) is some arbitrary density distribution over the sub-
manifold P . In this case the correlator is equal to Cλ(P ) =
V/p − 1. It tends to zero if submanifold tends to occupy whole
space and it tends to infinity in the continuum limit if the sub-
manifold occupies only one point.
If the submanifold is a physical object, such as P-vortex then
one can define the physical density ρP = p/V and thus the
correlator does not depend on the volume of the enveloping
space V . To determine the scaling law in the continuum limit
scaling write lattice spacing explicitly:
(10)Cλ(P ) = 1
ρphysa4−d
− 1.Fig. 7. Correlator (7) as a function of lattice volume and fermionic density
randomly shuffled.
Thus, we expect a strong lattice-spacing dependence if vacuum
defects of lower dimension are responsible for the chiral sym-
metry breaking.
The data does exhibit strong lattice spacing dependence of
the correlator, as is suggested by the model above. However,
the data is not detailed enough to fix the dimensionality of the
vacuum defects. The fit of the data for eigenvalues λ = 0 and
λ = 105 MeV by function C1 + C2ad−4 cannot distinguish be-
tween 2d and 3d vacuum defects. Substantial improvement of
statistics is necessary to determine dimensionality of submani-
folds which are important for chiral symmetry breaking.
3. Conclusions
Confinement and chiral symmetry breaking have been dis-
cussed theoretically for many years exclusively in terms of
bulky fields, with size of order Λ−1QCD. For example, although
definition of central vortices is given on a plaquette level, it
is quite common to assume that they merely mark thick vor-
tices and their position within these bulky fields is rather arbi-
trary [1]. Now we observe that it is the thin vortices that are
correlated with topological fermionic modes which, in turn, are
defined in completely gauge invariant way and shrink in the
continuum limit to a vanishing submanifold of the whole 4d
space.
Thus, theory of lower dimensional defects is in its infancy
and no detailed comparison of the data with theory is possible.
Creating such a theory is of course far beyond the scope of the
present note and in conclusion we simply mention a few points
and provide further references, for the reader’s convenience.
To our knowledge, within field theory there exists only a
single, though remarkable relation which sheds light on mech-
anism of shrinking of the topological modes. We keep in mind
correlator of topological charges at short distances, x 	 Λ−1QCD.
In somewhat symbolical form:
(11)〈0∣∣GG˜(x),GG˜(0)〉= −const. α2s
x8
+ const.′ Λ4QCDδ4(x),
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references see, e.g. [15].
An important point is that the negative piece in (11) is of
pure perturbative origin while the delta-function singularity en-
codes non-trivial susceptibility of the topological charge. Now,
the topological fermionic modes are concentrated in the region
of large topological charge and are not sensitive to the pertur-
bative ‘noise’. In this sense, measuring low-lying modes filters
large fluctuations of the topological charge. Shrinking of the
topological fermionic modes corresponds to the delta-function
term in (11). One needs measurements with fine resolution, or
with small lattice spacing a to check the singular nature of large
fluctuations of the topological charge predicted by (11).
Note that although field theory seemingly can explain
shrinking of topological modes it cannot explain correlation
with the vortices since there is no filed theoretic image for the
vortices themselves.
Much more on lower dimensional defects could be said
within gauge theories with large number of colors Nc, for a re-
cent review and references see [16]. It is because there exists a
dual formulation of such field theories in terms of strings which
are an example of ‘lower dimensional defects’. The defects are
described in terms of classical solutions and their Euclidean
counterpart would be, generically, fine tuned field configura-
tions. In particular, domain walls (which become 3d volumes
in the Euclidean space) carry topological charge, see in partic-
ular [17]. A natural candidate for 2d defects in the world of
Nc → ∞ would be so called dual strings which can be open on
the ’t Hooft line, for a review see [19]. Detailed consideration
of these defects in classical limit can be found, in particular, in
Ref. [18].
Literally, one cannot apply such classical solutions to de-
scribe results of lattice simulations in SU(2) gauge theory. One
may hope, however, that basic geometrical constructions deriv-
able in the large Nc limit survive in all non-Abelian gauge
theories. On the phenomenological side, such an assumption is
nowadays labeled AdS/QCD correspondence. Lattice measure-
ments could be crucial to confirm or reject such an extension of
large-Nc theories. Moreover, lattice measurements are unique
in the sense that they deal with full, quantum version of the the-
ory and not with a mere classical approximation.
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